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Abstract. The Clifford Fourier transform in Cl0,n (CFT) can be regarded as a generalization
of the two-dimensional quaternionic Fourier transform (QFT), which is introduced from the
mathematical aspect by Brackx at first. In this research paper, we propose the Clifford windowed
Fourier transform using the kernel of the CFT. Some important properties of the transform are
investigated.
1
1 INTRODUCTION
There were some attempts in literature to generalize the classical windowed Fourier trans-
form (WFT) using the quaternion algebra and Clifford algebra. The first attempt to extend
the WFT to quaternion algebra setting was done by Bu¨low and Sommer [1, 5]. They intro-
duced a special case of the quaternionic windowed Fourier transform (QWFT) known as quater-
nionic Gabor filters. They applied these filters to obtain a local two-dimensional quaternionic
phase. Their generalization is obtained using the inverse (two-sided) quaternion Fourier kernel.
Hahn [14] constructed a Fourier-Wigner distribution of 2-D quaternionic signals which is in
fact closely related to the QWFT.
The WFT has been also studied in Clifford algebra framework (see [2, 8]). The generaliza-
tion uses the kernel of the Cln,0 Clifford Fourier transform [15]. It is shown that many WFT
properties still hold but others have to be modified. Another generalization using the kernel of
the (right-sided) quaternion Fourier transform [11, 12] was introduced in [13]. In the present
paper, we continue this generalization to real Clifford algebra Cl0,n. We focus on the Clifford
windowed Fourier transform in Cl0,n which differs appreciably from the Clifford windowed
Fourier in Cln,0 (see [2, 8] ).
This paper is organized as follows. A briefly review of real Clifford algebra is given in
Section 2. Section 3 introduces the Clifford Fourier transform inCl0;n (CFT). We then derive its
important properties. Section 4 discuss the basic ideas for constructing the Clifford windowed
Fourier transform in Cl0;n (CWFT) using the kernel of the Clifford Fourier transform in Cl0;n.
We show that some properties of two-dimensional quaternionic windowed Fourier transform
(see [13]) are not valid in the CWFT such as the shift property and Heisenberg uncertainty
principle.
2 PRELIMINARIES
We will be working with real Clifford algebras. Let {e1, e2, e3, · · · , en} be an orthonormal
vector basis of the real n-dimensional Euclidean vector space Rn. The Clifford algebra (see
[3, 4] ) over Rn denoted by Cl0,n then has the graded 2n-dimensional basis
{1, e1, e2, · · · , en, e12, e31, e23, · · · , in = e1e2 · · · en}, (1)
where in is called the unit oriented pseudoscalar. The non-commutative associative multiplica-
tion of the basis vectors is generated by the product rule:
ek el = −el ek for k 6= l, 1 ≤ k, l ≤ n,
e2k = −1 for 1 ≤ k ≤ n. (2)
The general elements of Clifford algebra are called multivectors. A multivector f ∈ Cl0,n
has a representation of the form
f =
∑
A
fAeA, fA ∈ R, (3)
where eA = eα1eα2 · · · eαk and 1 ≤ α1 ≤ α2 ≤ · · · ≤ αk ≤ n with αj ∈ {1, 2, · · · , n}. The
conjugate f¯ is defined as the anti-involution for which
f¯ =
∑
A
fAe¯A, e¯A = (−1)
k(k+1)
2 eA, e¯j = −ej, j = 1, 2, · · · , n (4)
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and hence
fg = g¯f¯ , for arbitrary f, g ∈ Cl0,n. (5)
The multivector f ∈ Cl0,n is called a paravector if equation (3) takes the form
f = f0 +
n∑
i=1
fi ei. (6)
In this case, it is obvious that ff¯ is scalar valued. The scalar product of multivectors f and g
and its associated norm is defined by
〈f g〉 = f ∗ g¯ =
∑
A
fAg¯B, and |f |2 =
∑
A
f 2A. (7)
Definition 2.1 Let Ω ⊂ Rn be an open connected set. The function f which is defined in Ω with
values in Cl0,n can be expressed as
f(x) =
∑
A
eAfA(x), (8)
where the function fA is a real-valued function.
For two multivector functions f, g ∈ Cl0,n, an inner product is defined by
(f, g)L2(Rn;Cl0,n) =
∫
Rn
f(x)g˜(x) dnx =
∑
A,B
eAe˜B
∫
Rn
fA(x)gB(x) d
nx. (9)
In particular, if f = g, then the scalar part of the above inner product gives the L2-norm
‖f‖2L2(Rn;Cl0,n) =
∫
Rn
∑
A
f 2A(x) d
nx. (10)
3 CLIFFORD FOURIER TRANSFORM (CFT)
Definition 3.1 The CFT of a multivector function f ∈ L1(Rn;Cl0,n) is the function F{f}:
Rn → Cl0,n given by
F{f}(ω) =
∫
Rn
f(x)
n∏
k=1
e−ekωkxkdnx, (11)
with ω,x ∈ Rn.
Note that
dnx =
dx1 ∧ dx2 ∧ · · · ∧ dxn
in
(12)
is scalar valued (dxk = dxkek, k = 1, 2, 3, · · · , n, no summation). Notice also that the Clifford
Fourier kernel
∏n
k=1 e
−ekωkxk in general does not commute with element ofCl0,n. Furthermore,
the product has to be performed in a fixed order.
The existence of the inverse CFT is given by the following theorem. For more detail and for
proofs see [3, 5].
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Theorem 3.1 The CFT is invertible and its inverse is calculated by
f(x) =
1
(2pi)n
∫
Rn
F{f}(ω)
n−1∏
k=0
een−kωn−kxn−k dnω. (13)
The CFT is a generalization of the quaternionic Fourier transform (QFT), so most of the
properties of the QFT have their corresponding generalization versions of the CFT. In following
section we investigate some important properties of the CFT which will be necessary to establish
the Clifford windowed Fourier transform in Cl0,n.
3.1 Main Properties of CFT
This subsection describes important properties of the CFT. We now establish a Plancherel
theorem.
Theorem 3.2 (CFT Plancherel) The inner product (9) of two Clifford functions f, g ∈ L2(Rn;Cl0,n)
and their CFT are related by
(f, g)L2(Rn;Cl0,n) =
1
(2pi)n
(F{f},F{g})L2(Rn;Cl0,n). (14)
In particular, with f = g, taking the scalar part of (14) we get scalar Parseval’s theorem
‖f‖2L2(Rn;Cl0,n) =
1
(2pi)n
‖F{f}‖2L2(Rn;Cl0,n). (15)
Equation (14) follows from
(f, g)L2(Rn;Cl0,n) =
∫
Rn
f(x)g(x) dnx
(13)
=
1
(2pi)n
∫
Rn
[∫
Rn
F{f}(ω)
n−1∏
k=0
een−kωn−kxn−k dnω
]
g(x)dnx
(5)
=
1
(2pi)n
∫
Rn
F{f}(ω)
[∫
Rn
g(x)
n∏
k=1
e−ekωkxk dnx
]
dnω.
(11)
=
1
(2pi)n
∫
Rn
F{f}(ω)F{g}(ω) dnω
=
1
(2pi)n
(F{f},F{g})L2(Rn;Cl0,n)
Equation (15) tells us that the Clifford Fourier transform preserves the inner product (9) up to a
factor of 1
(2pi)n
. The other properties of the CFT is given by the following theorems.
Theorem 3.3 If the CFT of the n-th partial derivative of f ∈ L1(Rn;Cl0,n) with respect to the
variable x1 is in L1(Rn;Cl0,n), then the CFT of ∂
nf
∂xn1
e−n1 is given by
F{∂
nf
∂xn1
e−n1 }(ω) = ωn1F{f}(ω), ∀n ∈ N. (16)
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Proof. We first prove the theorem for n = 1. Applying integration by parts and using the fact
that f tends to zero for x1 →∞ we immediately obtain
F{ ∂
∂x1
f e−11 }(ω) =
∫
Rn
(
∂
∂x1
f(x) e−11
) n∏
k=1
e−ekωkxk dnx
=
∫
Rn−1
[∫
R
(
∂
∂x1
f(x) e−11
)
e−e1ω1x1 dx1
] n∏
k=2
e−ekωkxk dn−1x
=
∫
Rn−1
[
f(x) e−11 e
−e1ω1x1|x1=∞x1=−∞
−
∫
R
f(x) e−11
∂
∂x1
e−e1ω1x1dx1
] n∏
k=2
e−ekωkxk dn−1x
=
∫
Rn
f(x)ω1
n∏
k=1
e−ekωkxk dnx
= ω1F{f}(ω). (17)
For n = 2 we have
F{ ∂
2
∂x21
f e−21 }(ω) =
∫
Rn
(
∂
∂x1
(
∂
∂x1
f(x)) e−21
) n∏
k=1
e−ekωkxk dnx
=
∫
Rn−1
[∫
R
(
∂
∂x1
(
∂
∂x1
f(x)) e−21
)
e−e1ω1x1 dx1
] n∏
k=2
e−ekωkxk dn−1x
=
∫
Rn−1
[
(
∂
∂x1
f(x)) e−21 e
−e1ω1x1|x1=∞x1=−∞
−ω1
∫
R
∂
∂x1
f(x) e−11 e
−e1ω1x1dx1
] n∏
k=2
e−ekωkxk dn−1x
= ω21
∫
Rn
f(x)
n∏
k=1
e−ekωkxk dnx
= ω21F{f}(ω). (18)
By repeating this process n− 2 additional times finishes the proof of Theorem 3.3. 2
Remark 3.1 Observe that if we assume that f = f0 + e1f1 + inf123···n, n = 3 (mod 4) then
equation (16) takes the form
F{∂
nf
∂xn1
}(ω) = (e1ω1)nF{f}(ω), n ∈ N. (19)
Theorem 3.4 If the CFT of the m-th partial derivative of a Clifford-valued function f ∈
L1(Rn;Cl0,n) with respect to the variable xr exists and is in L1(Rn;Cl0,n), then for r =
2, 3, · · · , n− 1 we have
F{∂
mf
∂xmr
} (ω) = (ωrer)mF{f}(ω), m = 2s, s ∈ N, s ≤ n
2
. (20)
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Proof. For m = 2 and r = 2 we get
F{ ∂
2
∂x22
f}(ω) =
∫
Rn
(
∂
∂x2
(
∂
∂x2
f(x))
) n∏
k=1
e−ekωkxk dnx
=
∫
Rn−2
[
(
∂
∂x2
f(x)) e−e1ω1x1e−e2ω2x2 |x2=∞x2=−∞
−
∫
R2
∂
∂x2
f(x) e−e1ω1x1
∂
∂x2
e−e2ω2x2 dx1dx2
] n∏
k=3
e−ekωkxk dn−2x
=
∫
Rn
(
∂
∂x2
f(x)
)
e−e1ω1x1e2 ω2
n∏
k=2
e−ekωkxk dnx
=
∫
Rn
f(x) e−e1ω1x1 ω2 e2
∂
∂x2
e−e2ω2x2
n∏
k=2
e−ekωkxk dnx
=
∫
Rn
f(x)(ω2 e2)
2
n∏
k=1
e−ekωkxk dnx
= (ω2 e2)
2
∫
Rn
f(x)
n∏
k=1
e−ekωkxk dnx
= (e2 ω2)
2F{f}(ω). (21)
In general, we easily obtain
F{∂
mf
∂xm2
} (ω) = (ω2e2)mF{f}(ω), m = 2s, s ∈ N. (22)
Using mathematical induction finishes the proof of Theorem 3.4. 2
We summarize some important properties of the Clifford Fourier transform in Cl0,n in Table
1. For more details we refer the reader to[6, 7].
4 CLIFFORD WINDOWED FOURIER TRANSFORM (CWFT)
In this section, we introduce the Clifford windowed Fourier transform as a generalization of
two-dimensional quaternionic Fourier transform to higher dimensions. For this we first make
following definition.
4.1 Definition of CWFT
Definition 4.1 The CWFT of a multivector function f ∈ L2(Rn;Cl0,n) with respect to the non-
zero Clifford window function φ ∈ L2(Rn;Cl0,n) is given by
Gφf(ω, b) =
∫
Rn
f(x)φω,b(x) d
nx
=
∫
Rn
f(x) φ(x− b)
n∏
k=1
e−ekωkxk dnx, (23)
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Table 1: Properties of the CFT of Clifford functions f, g ∈ L2(Rn;Cl0,n), the constants are α, β ∈ Cl0,n, a ∈
R \ {0}, and n ∈ N.
Property Clifford Function CFT
Left linearity αf(x)+βg(x) αF{f}(ω)+ βF{g}(ω)
Scaling f(ax) 1
an
F{f}(ωa )
Part. deriv. ∂
n
∂xn1
f(x) e−n1 ω
n
1F{f}(ω), f ∈ L2(Rn;Cl0,n)
∂n
∂xn1
f(x) (e1ω1)
nF{f}(ω)
if f = f0 + e1f1 + inf123···n, n = 3 (mod 4)
∂mf
∂xmr
(ωrer)
mF{f}(ω), r = 2, 3, · · · , n− 1,m = 2s, s ∈ N
∂mf
∂xmn
F{f}(ω)(enωn)m
Power f(x)(x1e1)m (−1)m ∂m∂ωm1 F{f}(ω)
f(x)(xrer)
m ∂m
∂ωmr
F{f}(ω)
r = 2, 3, · · · , n− 1,m = 2s, s ∈ N
f(x)xmn − ∂
m
∂ωmn
F{f}(ω),∀m ∈ N
Plancherel (f, g)L2(Rn;Cl0,n) =
1
(2pi)n
(F{f},F{f})L2(Rn;Cl0,n)
Parseval 1
(2pi)n
‖f‖2L2(Rn;Cl0,n) = 1(2pi)n‖F{f}‖2L2(Rn;Cl0,n)
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We then call
φω,b(x) =
n−1∏
k=0
een−kωn−kxn−kφ(x− b), (24)
a Clifford windowed Fourier kernel. Notice that for n = 2 the CWFT above is identical to
the two-dimensional quaternionic windowed Fourier transform (see [13]) and for n = 1 is the
classical windowed Fourier transform.
We first notice that, for fixed b,
Gφf(ω, b) = F{f φ¯(· − b)}(ω) = F{f Tbφ¯}(ω), (25)
where Tb is the translation operator defined by Tbf = f(x− b). It thus means that the CWFT
can be regarded as the CFT of the product of a multivector-valued function f and a shifted and
Clifford reversion version of the Clifford window function.
4.2 Properties of CWFT
The following proposition describes the elementary properties of the CWFT which its proof
can be easily obtained.
Proposition 4.1 Let φ ∈ L2(Rn;Cl0,n) be a Clifford window function.
(i). (Left linearity)
[Gφ(λf + µg)](ω, b) = λGφf(ω, b) + µGφg(ω, b), (26)
for arbitrary Clifford constants λ, µ ∈ Cl0,n.
(ii). (Parity)
GPφ(Pf)(ω, b) = Gφf(ω,−b), (27)
where P is the parity operator defined by Pf(x) = f(−x).
Theorem 4.2 (Orthogonality relation) Let φ, ψ be Clifford window functions and f, g ∈ L2(Rn;Cl0,n)
arbitrary. Then we have∫
Rn
∫
Rn
Gφf(ω, b)Gψg(ω, b) d
nω dnb = (2pi)n(f(φ¯, ψ¯)L2(Rn;Cl0,n), g)L2(Rn;Cl0,n). (28)
Proof. Applying (25) we have∫
Rn
Gφf(ω, b)Gψg(ω, b) d
nω =
∫
Rn
F{fTbφ¯}F{fTbψ¯} dnω
= (F{fTbφ¯},F{fTbψ¯})L2(Rn;Cl0,n). (29)
We have known that the Plancherel theorem is valid for the CFT. So, applying it into the right-
hand side of (29) we get∫
Rn
Gφf(ω, b)Gψg(ω, b) d
nω = (F{fTbφ¯},F{fTbψ¯})L2(Rn;Cl0,n)
= (2pi)n(fTbφ¯, fTbψ¯)L2(Rn;Cl0,n)
= (2pi)n
∫
Rn
f(x)φ(x− b)ψ(x− b)g(x) dnx. (30)
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If we assume that fφ¯ and ψg¯ are in L2(Rn;Cl0,n), then integrating (30) with respect to dnb
yields∫
Rn
∫
Rn
Gφf(ω, b)Gψg(ω, b) d
nω dnb = (2pi)n
∫
Rn
f(x)
∫
Rn
φ(x− b)ψ(x− b)g(x) dnx dnb
= (2pi)n
∫
Rn
f(x)
∫
Rn
φ(x′)ψ(x′) dnx′g(x) dnx, (31)
which proves the theorem. 2
Theorem 4.3 (Reconstruction formula) Let φ, ψ ∈ L2(Rn;Cl0,n) be two Clifford window
functions. Then every n-D Clifford signal f ∈ L2(Rn;Cl0,n) can be fully reconstructed by
f(x) =
1
(2pi)n
∫
Rn
∫
Rn
Gφf(ω, b)ψω,b(x) (φ¯, ψ¯)
−1
L2(Rn;Cl0,n)d
nb dnω. (32)
Proof. By direct calculation, we obtain for every g ∈ L2(Rn;Cl0,n)∫
Rn
∫
Rn
Gφf(ω, b)Gψg(ω, b) d
nω dnb =
∫
Rn
∫
Rn
∫
Rn
Gφf(ω, b)ψω,b(x)g¯(x) d
nω dnb dnx
= (
∫
Rn
∫
Rn
Gφf(ω, b)ψω,b d
nω dnb, g)L2(Rn;Cl0,n).(33)
Applying (28) of Theorem 4.2 to the left-hand side of (33) gives for every g ∈ L2(Rn;Cl0,n)
(2pi)n(f(φ¯, ψ¯)L2(Rn;Cl0,n), g)L2(Rn;Cl0,n) =
(∫
Rn
∫
Rn
Gφf(ω, b)ψω,b d
nω dnb, g
)
L2(Rn;Cl0,n)
.
(34)
Because the inner product identity (34) holds for every g ∈ L2(Rn;Cl0,n) we conclude that
(2pi)nf(φ¯, ψ¯)L2(Rn;Cl0,n) =
∫
Rn
∫
Rn
Gφf(ω, b)ψω,b d
nω dnb. (35)
Multiplying both sides of (35) from the right side by (φ¯, ψ¯)−1L2(Rn;Cl0,n) we immediately obtain
(2pi)nf =
∫
Rn
∫
Rn
Gφf(ω, b)ψω,b (φ¯, ψ¯)
−1
L2(Rn;Cl0,n) d
nω dnb. (36)
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